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TECHNICAL MEMORANDUM X-53156 

A STUDY OF DENSITY VARIATIONS I N  FREE MOLECULAR.FLOW 
THROUGH CYLINDRICAL DUCTS DUE TO ACCOMMODATION COEFFICIENTS 

SUMMARY 

A t h e o r e t i c a l  i nves t iga t ion  was made of free-molecule flow through 
a duct  of c i r c u l a r  cross  sect ion.  The molecular f l u x  t o  the duct  wal l  
and exi t  plane was  ca l cu la t ed  along wi th  the t o t a l  flow r a t e  through 
the  duct. The dens i ty  f i e l d  w a s  calculated a t  the duct  e x i t  and along 
the  c e n t e r l i n e  f o r  various duct wall temperatures and thermal acconanoda- 
t i o n  coe f f i c i en t s .  It w a s  concluded that an experimental determination 
of t he  thermal accommodation c o e f f i c i e n t  can be made by measuring the 
e f f e c t  of the duct  wal l  temperature on the dens.ity f i e l d .  

I. INTRODUCTION 

Recent requirements f o r  space environment s imulat ion f a c i l i t i e s  
have r e s u l t e d  i n  increased e f f o r t  toward understanding and p red ic t ing  
the  behavior of low dens i ty  gas flow. 
d i r ec t ed  Soward the  p red ic t ion  of flow r a t e s  through complicated duct  
systems , the development of cryopanel shapes  f o r  optimum pumping speeds 
i n  high vacuum s y s t e m ,  and the p red ic t ion  of the p rope r t i e s  of the flow 
f i e l d  surrounding bodies i n  high v e l o c i t y  f l i g h t  i n  the upper atmosphere. 

Many of these s t u d i e s  have beeh 

Free-molecule flow r a t e s  through tubes w e r e  f i r s t  i nves t iga t ed  
t h e o r e t i c a l l y  and experimentally by Knudsen [l]. These s t u d i e s  were 
made f o r  flow i n  long c a p i l l a r y  t u b e s  ( the  tube l eng th  being much longer 
than i ts  r ad ius )  f o r  which end e f f e c t s  may be neglected.  Clawing  [2] 
l a t e r  extended the flow r a t e  theory t o  the  case of s h o r t  tubes and ducts.  
The same mathematical problem was solved independently and almost simul- 
taneously by Hottel  and Kel ler  [3] f o r  the case of thermal r a d i a t i o n  
through furnace openings. 
i d e n t i c a l  with Claus ing' s. 
v e r i f i e d  nea r ly  20 years l a t e r  by Demarcus and Hopper [41. 

Hottel  and Keller's r e s u l t s  a r e  nea r ly  
The accuracy of Claus ing' s s o l u t i o n  was 

Other i nves t iga to r s  [5, 6,  7 ,  8, 9, 10, 111 have s tud ied  molecular 
f l u x  and flow rates f o r  var ious conditions of free-molecule flow. 

The c a l c u l a t i o n  of dens i ty  f i e l d s  f o r  free-molecule flow was made 
by Bird [12] f o r  the f i e l d  about moving*bodies of var ious geometries,  
Touryan [13] f o r  the flow over a c i r c u l a r  p l a t e ,  and Howard [14] and 
Gustafson and K i e l  [15] f o r  flow through o r i f i c e s .  



Sparrow and Haji-Sheikh [16] inves t iga t ed ,  among other  parameters, 
the d e n s i t y  f i e l d  through c i r c u l a r  ducts f o r  the case of p e r f e c t  thermal 
accommodation of the molecules a t  the duct wal l  (a thermal accommodation 
c o e f f i c i e n t  of the duct  wal l  m a t e r i a l  of uni ty) .  

The purpose of t h i s  study is t o  determine t h e o r e t i c a l l y  the flow 
r a t e  and densi ty  f i e l d  through a c i r c u l a r  duct  a t  var ious duct wal l  
temperatures and thermal accommodation c o e f f i c i e n t s .  

11. ANALYSIS AND DISCUSSION OF RESULTS 

Consider t he  following i l l u s t r a t e d  c i r c u l a r  duct: 

Entrance. + 
Flow --)- 

r R  

1 1 

I I 

The entrance is exposed t o  an i n f i n i t e l y  l a rge  r e s e r v o i r  of r a r e f i e d  
Maxwellian gases a t  dens i ty ,  po; and temperature, To, while the e x i t  is 
exposed t o  a vacuum. The dimensions of the duct a r e  small i n  comparison 
t o  the  mean free path of the gas molecules so  t h a t  the flow of molecules 
i n  the duct  may be considered "free-molecular"; i .e .  , intermolecular 
c o l l i s i o n s  may be neglected i n  comparison t o  the c o l l i s i o n s  of molecules 
wi th  the duct w a l l .  Diffuse (cosine l a w )  s c a t t e r i n g  of the molecules by 
the wal l  w i l l  be  assumed. (Experiments by Knudsen [17] and o the r s  on 
the  r e f l e c t i o n  of molecular beams from g l a s s  and polished metal surfaces  
i n d i c a t e  nearly 100 percent d i f f u s e  r e f l e c t i o n . )  Moreover, i t  is assumed 
that the system is i n  equilibrium and t h a t  a l l  molecules inc iden t  on a 
s u r f a c e  are r e f l e c t e d  without adsorpt ion,  outgassing, or  su r f ace  r eac t ions .  
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The molecular f l u x  f o r  molecules leaving the  r e s e r v o i r  a t  t he  duct  
entrance is [21]: 

some of these molecules pass through the duct  without any c o l l i s i o n s .  
Those molecules that c o l l i d e  with the w a l l  may, a f t e r  one o r  more col- 
l i s i o n s ,  f i n a l l y  leave the duct  through the  exit  o r  be s c a t t e r e d  back 
i n t o  the  r e se rvo i r .  

With each c o l l i s i o n ,  t he  molecule w i l l  ga in  o r  l o s e  some of i ts  
energy, the amount of g a i n  o r  loss depending on the duct  w a l l  tempera- 
t u r e  and the thermal accomnodation c o e f f i c i e n t .  Although t h i s  g a i n  or 
l o s s  of energy does not inf luence the p r o b a b i l i t y  of eventual passage 
through the duct (and, hence, t h e  equilibrium flaw rate),  it does 
inf luence the dens i ty  f i e l d .  

It has been shown [l, 2, 31 that  i t  is no t  necessary t o  consider 
each c o l l i s i o n  i n  computing molecular f l u x  and flow rates. 
c o l l i s i o n  a f f e c t s  the d e n s i t y  f i e l d ,  however, i t  was convenient t o  cal- 
c u l a t e  t he  contr ibut ion t o  the molecular f l u x  of each c o l l i s i o n  wi th  
its r e s u € t i n g  con t r ibu t ion  t o  the densi ty  f i e l d .  

Since each 

A. Molecular Flux and Flow Rates 

There are two d i s t i n c t  methods now i n  use f o r  computing molecu- 
l a r  f l u x  and flow r a t e s  under highly r a r e f i e d  condi t ions . The first 
method, known a s  the  Monte Carlo technique, is p a r t i c u l a r l y  w e l l  s u i t e d  
t o  complicated geometrical shapes. T h i s  method t r a c e s  many individual  
p a r t i c l e s  through randomly chosen paths. A s u f f i c i e n t  number of these  
random paths is t raced t o  s t a t i s t i c a l l y  determine the  most probable 
d i s t r i b u t i o n  of p a r t i c l e s  over the geometrical  shape. This method was 
used by Ballance, Roberts, and Tarbell  [18] t o  s tudy molecular f l uxes  
f o r  var ious cryoarray configurations i n  a high vacuum cryopumping system. 
It was a l s o  used by Davis [19], t o  c a l c u l a t e  t he  flow rate  through ducts  
of va r ious  shapes. 

The second method, designated the ''molecular k ine t i c s "  method 
by Link [20], is based on t h e  analogy between r a d i a n t  energy t r a n s f e r  
and free-molecule k i n e t i c s  [ZO, 211. The procedure used i n  t h i s  method 
is t o  subdivide the geometry i n t o  discrete elements f o r  which a radia-  
t i o n  "form fac to r "  may be calculated.  This method, p a r t i c u l a r l y  use fu l  
f o r  s imple  geometries f o r  which published values  of form f a c t o r s  exist ,  
w i l l  be used i n  the present  study. 

3 



1. Molecular Flux t o  Duct Wall 

Based on r a d i a t i o n  analogy p r i n c i p l e s ,  the molecular f l u x  
t o  the w a l l  of the previously i l l u s t r a t e d  duct  due t o  a c o l l i s i o n l e s s  
passage from the r e s e r v o i r  is 

The molecular f l u x  on the duct  w a l l  for molecules reaching 
the w a l l  a f t e r  n c o l l i s i o n s  is 



The t o t a l  molecular f l u x  on the duct 
summing the f luxes f o r  each c o l l i s i o n  a s  follows: 

The t o t a l  molecular f l u x  a t  the duct  
ca l cu la t ed  from equations (2) ,  ( 4 ) ,  and ( 6 )  f o r  a 

wal l  is obtained by 

wal l  s u r f a c e  was  
duct of d h e n s  ions , 

L/R = 2.0, Equation ( 4 )  w a s  integrated numerically by the procedure 
described i n  Appkndix A. The summation i n  equation ( 6 )  was c a r r i e d  out  
t o  20 c o l l i s i o n s .  The r e s u l t s  a r e  presented i n  Figure 1 along wi th  the 
contr ibut ions of the f i r s t  few co l l i s ions .  It is seen t h a t  the con t r i -  
but ions r ap id ly  become i n s i g n i f i c a n t  a f t e r  a few c o l l i s i o n s .  Also, the 
t o t a l  flux d i s t r i b u t i o n  is  remarkably l i n e a r .  Hottel  [3] made the same 
observat ion i n  h i s  r a d i a t i o n  analysis  and suggested t h a t  a simple solu-  
t i o n  of the problem could be made by assuming a l i n e a r  t o t a l  w a l l  f l u x  
d i s t r i b u t i o n  and then solving f o r  the e x i t  f lux.  

2. Molecular Flux a t  Exit Plane 

The e x i t  molecular f lux a t  r a d i a l  p o s i t i o n  r / R  f o r  a 
c o l l i s i o n l e s s  passage from the r e s e r v o i r  through the  duct  is 

where [22l 

The molecular f l u x  for molecules reaching the  exi t  a f t e r  
n c o l l i s i o n s  is 



where 

(FWE)x/ L , r / R 

(L/R)'(l - x/L)' - (r/R)' + 1 = ~ ( L / R ) ~ ( I  - X/L) 

(I(L/R)'(l - x/L)'+ (r/R)' + 11' - 4 ( r / R ) 2 r i 2  . 

Equation (10) is der ived i n  Appendix B. 

As i n  the case of the f l u x  t o  the  duc t  wa l l ,  the  t o t a l  f l u x  
t o  a po in t  on the  e x i t  is obtained by summing the  cont r ibu t ions  f o r  
each co l l i s ion :  

The cont r ibu t ion  t o  the  center  e x i t  f l u x  f o r  each c o l l i s i o n  
is presented in  Figure 2 a s  a funct ion of c o l l i s i o n  number f o r  a duct  wi th  
dimensions, L /R  = 2.0. (Again, t he  equations were in t eg ra t ed  numerically 
by the  procedure of Appendix A,  and the  summation was c a r r i e d  t o  20 col-  
l i s i o n s ) .  As shown previously f o r  the wal l  f l u x ,  the  cont r ibu t ion  
r ap id ly  becomes i n s i g n i f i c a n t  with increasing c o l l i s i o n  number. 

I 

The t o t a l  f l u x  d i s t r i b u t i o n  over the  e x i t  is shown i n  Fig- 
ure  3 along with the  cont r ibu t ions  of the f i r s t  few c o l l i s i o n s .  An 
i n t e r e s t i n g  c h a r a c t e r i s t i c  of the d i s t r i b u t i o n  curves is t h e i r  boundary- 
l aye r - l i ke  decrease i n  magnitude a t  t he  edge of the duct .  This curvature  
is displayed by a l l  cont r ibu t ions  involving one o r  more c o l l i s i o n s .  

3 .  Total Flow Rate 

The t o t a l  flow r a t e  through the duct  is obtained by in t eg ra t -  
ing the  t o t a l  molecular f l u x  d i s t r i b u t i o n  over the e x i t :  

1 
n 

0 
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The flow r a t e  through ducts of s eve ra l  L/R r a t i o s  was 
ca l cu la t ed  numerically f rom equation (12) by the  procedure of Appendix C 
and is presented i n  Figure 4 compared with Clausing's [2] ca l cu la t ions .  
For an  L/R r a t i o  of 2.0, there  is a d i f f e rence  of 0.1 percent f o r  the 
p re sen t  ca l cu la t ions  when compared with Clausing's. 

B. Density F ie lds  

The number volume dens i ty  p of molecules a t  a po in t  due t o  the 
f l u x  from-an element of area dA a t  a d i s t ance  d from the point  is 
determined by [12] 

where dw = cos 8 dA/d2, q is the flux from the su r face  element dA, 9 is 
the angle between the normal to  dA and the l i n e  d, and G is the mean 
v e l o c i t y  of the molecules. 

The r e s e r v o i r  f l u x  ( the flux from the r e s e r v o i r  t o  the  duct  
entrance)  go, can be expressed i n  terms of the f a r  upstream r e s e r v o i r  
dens i ty  and mean molecular v e l o c i t y  a s  follows [21]:  

Combining equations (13) and (14) yields  

For t h e  dens i ty  due t o  the f l u x  d i r e c t l y  from the r e s e r v o i r ,  
the  f l u x  and mean v e l o c i t y  r a t i o s  become un i ty  and the dens i ty  is found 
from 

where the i n t e g r a t i o n  is  over the s o l i d  angle  enclosed by the duct 
entrance.  

7 



1. Density a t  Ex i t  Plane 

The center  e x i t  dens i ty  due t o  a c o l l i s i o n l e s s  passage from 
the r e se rvo i r  is found from equation (16) t o  be (Appendix D)  

For posi t ions on the e x i t  other  than cen te r ,  equation (16) is in t eg ra t ed  
numerically by the procedure described i n  Appendix D. 

The equation f o r  the dens i ty  a t  r / R  f o r  molecules reaching 
the e x i t  a f t e r  n c o l l i s i o n s ,  obtained from equation (15), is 

where (Appendix E) 

and the in t eg ra t ion  is performed numerically over the s o l i d  angle 
enclosed by the duct  wall  by the procedure described i n  Appendix D. The 
mean ve loc i ty  r a t i o  is equal t o  the square r o o t  of the temperature r a t i o  
because of the assumption of a Maxwellian v e l o c i t y  d i s t r i b u t i o n  a t  a l l  
times (12) .  

The contr ibut ion t o  the center  e x i t  dens i ty  is presented i n  
Figures 5 and 6 as  a funct ion of c o l l i s i o n  number f o r  a duct  of dimensions, 
L/R = 2.0, and var ious duct temperatures and thermal accommodation coef- 
f i c i e n t s .  A s  with the molecular f l u x ,  t he  contr ibut ions r ap id ly  become 
i n s i g n i f i c a n t  with increasing c o l l i s i o n  number. 

The t o t a l  dens i ty  a t  a po in t  on the e x i t  is  found by summing 
the  contributions f o r  each c o l l i s i o n :  

8 



n=o 

A s  with the t o t a l  f l u x  calculat ions;  the summation was c a r r i e d  ou t  t o  
20 c o l l i s i o n s  f o r  these r e s u l t s .  

The t o t a l  e x i t  densi ty  d i s t r i b u t i o n  is shown i n  Figure 7 
along wi th  the con t r ibu t ions  of the f i r s t  few c o l l i s i o n s  f o r  a duct  of 
dimensions L/R = 2.0 with a duct to r e s e r v o i r  temperature r a t i o  Ts/To 
of unity.  The v a r i a t i o n  of the t o t a l  e x i t  dens i ty  d i s t r i b u t i o n  wi th  
duct  temperature is shown i n  Figure 8 f o r  a duct  of the same dimensions 
with a thermal accommodation c o e f f i c i e n t  of uni ty .  A s  with the f l u x  
d i s t r i b u t i o n ,  t he re  is a sharp boundary-layer-like decrease i n  magnitude 
a t  the edge. It is a l s o  observed t h a t  the e x i t  dens i ty  decreases wi th  
increasing duct temperature. 

Figure 9 shows the v a r i a t i o n  of e x i t  dens i ty  d i s t r i b u t i o n  
wi th  thermal accommodation c o e f f i c i e n t  f o r  two duct  temperatures. For 
a duct t o  r e s e r v o i r  temperature r a t i o ,  Ts/To, g r e a t e r  than un i ty ,  the 
dens i ty  r a t i o  p/ p increases  with decreasing thermal accommodation coef- 
f i c i e n t  a, while f o r  Ts/To l e s s  than un i ty ,  p/po decreases wi th  decreas- 
ing a. 
u n i t y  as a approaches zero. Equation (19) shows that Ts/To equal t o  
un i ty  wi th  any a y ie lds  the s a m e  r e s u l t s  a s  Ts/To not  equal t o  u n i t y  
wi th  an a equal t o  zero. 

I n  both cases p/po approaches the condi t ion f o r  Ts/To equal t o  

I n  Figures 10 and 11 is shown the v a r i a t i o n  of the cen te r  
e x i t  dens i ty  with duct temperature and thermal accommodation c o e f f i c i e n t  
f o r  ducts of dimensions L/R = 2.0 and L/R = 4.0. Comparing the  two 
f i g u r e s  shows t h a t  the dens i ty  has decreased considerably by increasing 
L/R. Notice t h a t  the curves i n t e r s e c t  a t  Ts/To = 1.0 and spread a s  
Ts/To approaches zero o r  i n f i n i t y .  The amount of dens i ty  v a r i a t i o n  
shown i n  these f igu res  ind ica t e s  the f e a s i b i l i t y  of an experimental 
determination of the thermal accommodation c o e f f i c i e n t  by measuring 
the e f f e c t  of the duct wal l  temperature on the dens i ty  f i e l d .  

2. Density on Centerline 

The c e n t e r l i n e  densi ty  d i s t r i b u t i o n  is found by i n t e g r a t i n g  
equations (15) and (16) from a point on the cen te r l ine .  The r e s u l t i n g  
equations a r e  
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f o r  zero co l l i s ions ,  and 

f o r  n c o l l i s i o n s .  Equation (22) is in t eg ra t ed  numerically over the  
s o l i d  angle  enclosed by the  duc t  wal l  i n  a manner s i m i l a r  t o  the  in tegra-  
t i o n  of equation (18). The de r iva t ion  of equat ion (21) and the  procedure 
f o r  i n t eg ra t ing  equation (22) is descr ibed i n  Appendix D. The t o t a l  
dens i ty  is obtained by summing the cont r ibu t ions  f o r  each c o l l i s i o n .  

The t o t a l  cen te r l ine  dens i ty  d i s t r i b u t i o n  is presented i n  
Figure 12 along wi th  the cont r ibu t ions  of t he  f i r s t  few c o l l i s i o n s  €or 
a duct  of dimensions L/R = 2.0 and a duct  t o  r e s e r v o i r  temperature r a t i o  
Ts/To of uni ty .  
wi th  duc t  temperature is shown i n  Figure 13 f o r  a duct  w i th  the  same 
dimensions as i n  Figure 1 2  and with a thermal accommodation c o e f f i c i e n t  
of uni ty .  
f o r  upstream of the duct  and zero f a r  downstream. The v a r i a t i o n  i n  
dens i ty  with duct  temperature appears t o  be most pronounced i n  the  second 
qua r t e r  segment downstream of the duc t  entrance.  

The v a r i a t i o n  of the  c e n t e r l i n e  dens i ty  d i s t r i b u t i o n  

It is seen  t h a t  the t o t a l  dens i ty  r a t i o  p/po approaches un i ty  

The v a r i a t i o n  of c e n t e r l i n e  dens i ty  d i s t r i b u t i o n  wi th  thermal 
accommodation c o e f f i c i e n t  is shown i n  Figure 14 f o r  two duct  temperatures.  
The v a r i a t i o n  here  follows the same p a t t e r n  a s  i n  Figure 9. 

C. Accuracy of Resul ts  

It was mentioned i n  the  d iscuss ion  of flow r a t e s  t h a t  f o r  an L/R 
r a t i o  of  2.0 the  present  ca l cu la t ions  of flow r a t e s  are wi th in  0.1 pe r -  
cen t  of the  r e s u l t s  of Clausing [2] .  Demarcus [4] showed t h a t  Clausing’s 
flow rate  ca lcu la t ion  f o r  a duct  of those dimensions a r e  c o r r e c t  t o  
wi th in  0.12 percent.  Since the  present  ca l cu la t ions  of dens i ty  a r e  com- 
puted e s s e n t i a l l y  i n  the  same manner a s  the present  ca l cu la t ions  of 
molecular f lux  and flow r a t e s ,  i t  is in fe r r ed  t h a t  the  dens i ty  r e s u l t s  
a r e  c o r r e c t  t o  wi th in  a t  most one or  two percent .  

D. Computer Program 

The ca lcu la t ions  descr ibed he re in  w e r e  performed on an  IBM 7090 
computer. 
is presented i n  Appendix F. 

The computer program was w r i t t e n  i n  For t ran  I V  language and 
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111. POSSIBLE EWERIMENTAL VERIFICATION 

Most of the a v a i l a b l e  publications deal ing with dens i ty  measurements 
i n  r a r e f i e d  gas flow descr ibe techniques using s c a t t e r i n g  and a t t e n u a t i o n  
of var ious beams such as  e l ec t ron  beams [ 2 3 ,  241 and gamma r a d i a t i o n  [ 2 5 ] .  
It is recommended t h a t  the e l ec t ron  beam s c a t t e r i n g  technique described 
i n  References 23 and 24 be invest igated as the most promising approach t o  
experimental v e r i f i c a t i o n  of the r e s u l t s  i n  t h i s  r epor t .  

LV. CONCLUSIONS 

1. Near ly  a l l  of the molecules which pass through a duct of 
dimensions L/R = 2.0 under conditions of f r e e  molecule flow have fewer 
than 10 i n t e r n a l  c o l l i s i o n s  during passage through the duct. 

2. The molecular f l u x  t o  the duct wal l  is a near ly  l i n e a r  funct ion 
of a x i a l  d i s t ance  f o r  a duct of dimensions L/R = 2.0. 

3.  The molecular f l u x  and volume d e n s i t y  are  nea r ly  uniformly 
d i s t r i b u t e d  over the duct  e x i t  with the  exception of a s h a r p  boundary- 
l a y e r - l i k e  decrease i n  magnitude a t  the edge. 

4. For a duct: of dimensions L/R = 2.0 with a thermal accommodation 
c o e f f i c i e n t  of un i ty ,  an increase by a f a c t o r  of two i n  the duct tempera- 
t u r e  from the ambient gas temperature r e s u l t s  i n  a decrease i n  e x i t  
d e n s i t y  of approximately 30 percent. 

5. An experimental determination of the thermal accommodation coef- 
f i c i e n t  by measuring the e f f e c t  of the duct  wal l  temperature on the 
d e n s i t y  f i e l d  appears f eas ib l e .  

6.  Reference 27 obtained e x i t  f l u x  d i s t r i b u t i o n s  f o r  c i r c u l a r  ducts ,  
bu t  the method used was  believed t o  be u n r e l i a b l e  f o r  pos i t i ons  on the 
e x i t  plane near t he  wall. The curves, t he re fo re ,  were extended through 
t h i s  region so  that the "boundary layer' ' e f f e c t s  noted i n  t h i s  s tudy 
were not  shown. 
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APPENDIX A 

PROCEDURE FOR NUMERICAL INTEGRATION OF FLUX EQUATIONS 

The numerical i n t eg ra t ions  of equations (4) and (9)  w e r e  accomplished 
by d iv id ing  the duct  i n t o  50 iden t i ca l  c i r c u l a r  e leqents  as i l l u s t r a t e d  
below: 

t .) -L( w / 5 0  
Entrance Exit 

The average value of (qw/qo) and Fww over a r i n g  element are taken t o  
be those ca l cu la t ed  a t  the c i r c l e  halving the element. Equation (4) 
then becanes 

Equation (9) becomes 

5 0  

= ( 1 / 5 0 ) r  { (FWE) (i-1/2)/5OYn-1* (qE/qo)r/Ryn 
i=l 
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APPENDIX B 

DERIVATION OF WALL TO EXIT FORM FACTOR 

The form f a c t o r  given by equation (10) is derived by t he  method of 
Reference 3 using the following i l l u s t r a t i o n .  

The molecular f l u x  a t  r on the exit due to c o l l i s i o n l e s s  t r ave r s ing  of 
molecules f r o m  a d i s c  S enclosed by a cyl inder  a t  a d i s t ance  ,l from the 
e x i t  is 

where q is t he  f l u x  across  the  d i s c  S. 

The f l u x  from a d i s c  a t  ,& + 61 from t h e  exi t  is 
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The quant i ty  6qE = F ' ( j )  6.4 is a c t u a l l y  negative due t o  decreasing F(R) 
with increasing R and may be considered due t o  the f l u x  q from the wall 
s t r i p  enclosed by 6 j .  

Therefore, the form f a c t o r  f o r  f l u x  from a wall element 61 wide is 
-F' ( R ) 6 R .  

The form f a c t o r ,  F, f o r  f l u x  from the d i s c  S i n  the preceding 
i l l u s t r a t i o n  is  [22] 

F = (1/2) <- (r/R)2 + (L/R)2 ( R / L ) ~  - 1 

{[r/R)z + (L/Rl2 (,l/L)2 + 112 - 

The form f a c t o r  given by equation (10) is  obtained from equation 
03-31 by 

= -F' ( R )  (FWE) R/L , r /R  

o r  

(FWE) x/ L , r / R  

= 2(L/R)'(l - x/L) 
(L/R)2 (1 - x / L ) ~  - (r/R)2 + 1 

{[(L/R)2(1 - X/L)' + (r/R)" + 112 - 4 ( r / R ) 2 r ' c  

(B-5) 
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APPENDIX C 

INTEGRATION PROCEDURE FOR TOTAL FLOW RATE 

The numerical procedure f o r  i n t eg ra t ing  equation (12) is s i m i l a r  
t o  the procedure 
t r apezo ida l  r u l e  

described i n  Appendix A. 
was  used as follows: 

I n  t h i s  case,  however, the 

49 

where i is an  in t ege r  from one t o  49 and the radius  R is  divided i n t o  
50 equal elements R/50. 
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APPENDIX D 

DERIVATION OF DENSITY EQUATIONS 

A. E x i t  Density 

1. Zero Coll is ions 

The center  e x i t  density €or zero c o l l i s i o n s  is obtained by 
i n t e g r a t i n g  equation (16) over t he  s o l i d  angle enclosed by the  entrance 
as i l l u s t r a t e d .  

= (1/2) J 
0 

For pos i t i ons  on the exi t  
performed a s  i l l u s t r a t e d .  

s i n  gj dgj 

other  than cen te r  a numerical i n t e g r a t i o n  is 
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The element of s o l i d  angle  &I enclosed by the element of 
area defined by  @ and m' is (equation (13)): 

&..,I = Lim r'& nr' cos e/d2, 

& -+o 
m -+o  

where r' and @ a r e  taken a t  the midpoint of the element. Now 

cos 8 = L/d 

and 

d = (L2 + r2 + r I 2  - 2 r r '  cos @)'I2. 

(D-3) 

(D-4) 

We w i l l  choose m' = R/20 and & = u 2 0 .  Equation (D-2) then becomes 

( d 8 0 0 0 )  (L/R) (i - 1 / 2 )  
h =  

( ( L / R ) 2  -I- (r/R)2 + - 10  (r/R) cos 20 

where i and j a r e  in t ege r s  from one t o  twenty. 
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The i n t e g r a l  of equation (16) over the s o l i d  angle  
enclosed by the  entrance would b e  twice the summation of equation (D-5) 
f o r  i and j from one t o  twenty: 

= [(L/R)/16,000] 
('' @ ) r / R ,  o 

20 20 

2. n Col l is ions 

The e x i t  dens i ty  f o r  n c o l l i s i o n s  is obtained by i n t e g r a t i n g  
equation (18) i n  a manner s i m i l a r  to the above described i n t e g r a t i o n  of 
equat ion (16): 

d 

- - - I  

The element of s o l i d  angle Lu enclosed by the element of 
area defined by 43 and Ax is (equation (13)) 

Lu = Lim R A @ A x ( R  - r cos @)/d3 

9 4 0  

. m + o .  
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We choose nX = L/50 and & = u 2 0  s o  that equation (D-7) becomes 

-7;' LJILJj 21 + (r/R)2 - 2(r/R) cos I '' 
(D-8) 

where i i s  an  in t ege r  from one t o  f i f t y  and j is an in t ege r  from one t o  
twenty. The i n t e g r a l  of equation (18) over the s o l i d  angle enclosed by 
the duct  wall would then become 

20 
1 - (r/R) cos [ ( j  - 1/2)II/20] 

+ (r/R)2 - 2(r/R) cos 
i - 1/2)  (I + (L/R)* [l - ( 5o 

B. Centerline Density 

1. Zero Cbll is ions 

The de r iva t ion  of the c e n t e r l i n e  dens i ty  equation f o r  zero 
c o l l i s i o n s  is very s i m i l a r  t o  t h a t  derived f o r  the cen te r  e x i t :  

- I x k  ,4 
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(D- 10) 

2. n Coll is ions 

The c e n t e r l i n e  densi ty  for n c o l l i s i o n s  i s ’ o b t a i n e d  by 
i n t e g r a t i n g  equation (22) over the s o l i d  angle  enclosed by the  duct  
w a l l :  

The element of s o l i d  angle m enclosed by the r i n g  element of duct  w a l l  
Ax is 

&I = Lim Z R 2  Add3. 

m-30 
(D- 11) 

W e  w i l l  choose = L/50 so t ha t  equation (D-11)  becomes 

(D- 12) 
(i - 1/2) 

where i is a n  in t ege r  from one t o  50. 
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The average value of 

over a ring element was taken to  be the va lue  ca l cu la t ed  a t  the c i r c l e  
halving the element. The i n t e g r a l  i n  equat ion (22) then becomes 

(D- 13) 
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APPENDIX E 

DERIVATION OF GAS TEMPERATURE AFTER n COLLISIONS 

The thermal accommodation c o e f f i c i e n t  a m a y  b e d e f i n e d  by [26]: 

where T, is the energy (temperature) of t he  gas leaving the  su r face  
a f t e r  one c o l l i s i o n ,  T, is the su r face  temperature, and To is the gas 
temperature p r i o r  t o  the f i r s t  co l l i s ion .  Rearranging equation (E-1) 
y i e l d s  the expression f o r  t he  gas temperature a f t e r  one c o l l i s i o n :  

Extending this equation t o  the nth c o l l i s i o n  y i e l d s  
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APPENDIX F 

COMPUTER PROGRAM 

The computer program used in  obtaining the results  i n  this report 
is given on the following three pages written i n  Fortran I V  language. 
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